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ON THE EXCEPTIONAL CENTRAL SIMPLE
NON-LIE MALCEV ALGEBRAS

BY

RENATE CARLSSON

Abstract. Malcev algebras belong to the class of binary Lie algebras. Any

Lie algebra is a Malcev algebra. In this paper we show that for each

seven-dimensional central simple non-Lie Malcev algebra any finite dimen-

sional Malcev module is completely reducible also for positive characteris-

tics. This contrasts with each modular semisimple Lie algebra. As a

consequence we get that the classical structure theory for characteristic zero

is valid also in the modular case if semisimplicity is replaced by G,-separa-

bility.
The Wedderburn principal theorem is proved for Malcev algebras.

1. Introduction. Structures in algebra and other fields connected with an

alternative Cayley algebra show exceptional features. If C is an alternative

algebra one recalls that the commutator algebra C ~ with the product defined

by a ° b'= a-b — b-a is a. Malcev algebra. Let D denote a Cayley algebra

over a field k with char(&) ¥= 2, 3, and e the unit of D. Then any algebra A

isomorphic to D ~/k - e is a central simple and non-Lie Malcev algebra and

vice versa [4]. A is called an exceptional Malcev algebra of type G„ or of type

G,. A is said to be of type C^ if A, or equivalently D is split.

Any Lie algebra is a Malcev algebra. Malcev modules are a generalization

of Lie modules over Lie algebras. E. J. Taft conjectured that any finite

dimensional Malcev module over a Malcev algebra of type G, is completely

reducible also for positive characteristics. In the following we prove the

conjecture for char(/c) i= 2, 3 (Theorem 1). As is well known the analogous

statement is false for any simple Lie algebra [3]. If char(fc) = 0 the complete

reducibility is shown for semisimple Malcev algebras [4]. Our proof applies

the classification of irreducible Malcev modules in [1].

The Wedderburn principal theorem was recently extended by E. L. Stit-

zinger to Malcev algebras if char(fc) = 0, and if the radical is ^-potent [7].

We prove the theorem for an arbitrary radical R if char(Ä:) = 0, and for the

modular case if A / R is G,-separable.
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In the following we denote by k a field with char(A) ¥= 2, 3. A and M are

presumed finite dimensional /t-vector spaces.

2. Definitions. Let A be a binary algebra over k. J: A X A X A -> A

denotes the Jacobi map with (x, y, z) [-»/(x, y, z) where J(x,y, z):= xy • z

+ yz- x + zx-y-J alternates if x2-= x • x = 0 for all x G A. Let x,y, z,t G

A. We recall that a Malcev algebra A is defined by

x2 = 0, (1)

and

J (x, y, xz) = J (x, y, z)x. (2)

Then we have

(xy • z)t + (yz • t)x + (zt • x)y + (/x «.y)* = tyxz, (3)

2/7 (x, y,z) = J(t, x, yz) + J(t,y,zx)+J (t, z, xy) (4)

[5]. An y4-bimodule is called a Malcev module over a Malcev algebra A if the

semidirect sum or trivial extension E'-= A® M together with the product

(x + m) • (y + m'):= xv + xm' + my for m,m'£A/isa Malcev algebra. M

is called a Lie module over .4 if xm = — bu and J(x,y, m) = 0. For a

Malcev module M the module nucleus NM defined by NM:~ [m G Af|Vx,.y

G A: J(x, v, m) = 0} is the maximal Lie submodule. Subsequently, A always

denotes a Malcev algebra, and M a Malcev module over A. We define an

A-module homomorphism f of M into a second A -Malcev module M' by

f(xm) = xf(m); if moreover / is injective, / is a monomorphism of the

^4-modules etc.

M is irreducible over A ii M =£ {0}, and {0} and M are the only submo-

dules over A. If Af = ©A/,-, 1 < i < s, s G N, each Af, an irreducible

submodule, then M is called completely reducible over A Then equivalently

for any submodule P there is a submodule 7Y so that M = P © iV [3]. If A is

canonically considered as an .d-bimodule, and M isomorphic to A then M is

called regular. For A of type C^ the irreducible Malcev modules are up to

isomorphism the regular module and the one-dimensional zero module [1].

Let p: A -» Endk(M) denote the canonical representation with p(x): m h»

mx. k[ Y] denotes the ring of polynomials in the indeterminate Y. A map <p of

A into the subset of irreducible polynomials with x h» <px is called a. primary

function, a map of A in k a root. Then

Mv:= [m G Af| Vx G A 3r G N: (^(p(x)))r(w) = 0}.

If <Pj«. = y — y(x) for any x then Mv is designated by My or My(A). Set

¡(Ai,,)^ {m G Af|Vx G A: p(x)(m) = y(x)'m). Mv is called a primary

component, and AfY a root space. If Af9 t^ {0} then «p is called characteristic or

essential for Af, and similarly for roots. ^4 splits over Af if for any p(x) the
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roots of its minimum polynomial mx in k[Y] are in k. M is smooth if

moreover those roots are distinct that is if any mx is separable over k. A

splitting subalgebra is defined in the obvious way.

We recall that for any nilpotent splitting subalgebra H there is a root space

decomposition A ■ @Ay with y G A [4, Lemma 5]; then

AßAycAß+y   tiß¥*y, (5)

A2ßcA2ß+A_ß, (6)

J(A0,Aß,Aß)cA_ß, (7)

J(Ao,Aß,Ay) = {0}   if/3^y, (8)

J(Aß,Ay,As) = {0)   tiß^y^S^ß, (9)

J(Aß,Ay,Ay) = {0)   if ̂ 0,y, -y, (10)

for ß,y,S G A. A nilpotent subalgebra H of A is called a Cartan subalgebra

if H — A0 [4]. A is split if it has a splitting Cartan subalgebra.

Let Z3 denote the integers modulo 3, and let the elements of Z3 be

represented by 1, 2, 3. Choose v G Z3. If A is of type C^ and e G k \ {0}

then ^4 has a basis Te = {h, x„, x¿| j» G Z3} with x,h = ex,, x'vh = — ex¿,

^•i'-^o+i = 2xJ,+2, XyXy+j = exv+2, xpxv = h, and xyxy+i = xvxv+i = 0 [4], [5].

Hence for any v, {h, x„, x'„} is a basis of a split simple three-dimensional Lie

(Malcev) algebra B of type A,. Then {x„+i, x'y+2) is the basis of a non-Lie

Malcev module of type M2 over B. If H is a splitting Cartan subalgebra of A,

and Aa © H ® A_a the corresponding root space decomposition, then we

may choose Te with H — <A> and x„ G Aa [4]. The module of type M2 is up

to isomorphism the only non-Lie Malcev module over the Lie algebra of type

A, [1].
For two algebras B, C over k, B ffi. C denotes their direct product. Simi-

larly we designate the direct product of two A-submodules A/, and Af2 by

Mx ffi. Af2. If X is a vector space over k, x¡ G X with 1 < i < r, r G N, let

<x,.xr> denote the subspace generated by the x,. For a map/: X -> Y, Y

a set, let Xf>- f(X). For further definitions see [1], [2], [4],

3. The exceptional decomposition of a module. Theorem 1 is preceded by

four lemmas.

Lemma 1. Let A be a Malcev algebra, H a nilpotent subalgebra, and M a

Malcev module over A. If A = J(A, A, A), and A = @AV with it G $ the

primary decomposition over H then for M over H we have

M= © M„   for î7 G $.

Proof. By base field extension we may consider roots instead of

characteristic primary functions. Thus let A = ®Ay, y G A, be a //"-root
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space decomposition. Assume M =£ © My, y G A. Then there exists Mß ¥=

{0} with ß g A. From (8)-(10) then J(Mß, A, A) - {0}. By (4)

Mß C Af^ = MßJ(A, A, A) c /(Af^, A, A) = {0}.

Thus Mß = {0}, proving the lemma.   □

Let h G A, h ^ 0. If # = <A> and a: H->k a ¿-linear map we may
identify a with a (A). We have

Lemma 2. Le/ A be a Malcev algebra, h G A with h ¥* 0, <z/w/ i/ = </z>, Ai a

Malcev module over A. Suppose that A and M are smooth over H. The root

spaces are taken over H. Let A = Aa@ H © A_a with a ^ 0. For ß G

{a, - a) ¡et M2ß - {0}. Then for m G Mß, n G A/q, and x, y G Aß, y' G

A _ß with xy' = 6h, 8 G k we get

mx -y' = -2my' - x - 2ßSm, (11)

mx- y = — m-xy, (12)

nx-y = -n- xy, (13)

nx-y' + ßSn E NM. (14)

Proof. By (6) MyAy c M_y. For (11) observe

ßmy' • x = (mh • y')x  and by (3)

= — (hy' - x)m — (y'x • m)h — (xm • h)y' + xh • my'

= ßohm + 8hm-h + ßxm -y' + ßx - my'

= -2ß28m - ßmx -y' - ßmy' - x.

Thus mx -y' = -2my' • x — 2ß8m.

To obtain (12), consider

ßmx • x = (mh • x)x   and again by (3)

= — (xm • h)x + xh • mx = —2ßmx • x.

Hence 2 ßmx • x = 0, therefore, by char(£) ^ 3 and ß ¥=0, mx • x = 0.

Linearization gives mx • y = — my • x. Again applying (3)

ßmx-y = (mh • x)y = —(hx -y)m — (xy • m)h — ( ym • h)x + yh • mx

= — ßm • xy — ßmy • x — ßmx -y,

and hence mx-y = - m- xy, which is (12).

To establish (13), from (3)

(nx • x)h = —(xh • n)x + hx- nx = —ßxn • x — ßx • nx = 2ßnx • x.

Since Af2¿, = {0} then nx • x = 0. By means of linearization nx -y — — ny x.

Through further application of (3)

nx-y = ß~xnx-yh = ß~x ((yx-h)n + (xh-n)y + (hn-y)x + (ny • x)h)

— —n-xy — nx-y — ny • x — —n-xy.
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Let w G Aß, and w' G A _ß. For (14) we obtain by (3) and (13)

(nx • y')w = — (xy' • w)n — (y'w • n)x — (wn - x)y' + wx-ny'

= — ß8nw — (n • wx)y' — ny' -wx = — ßSnw.

Noting (8) then (nx-y^w' = (ny'- x)w' =— ßSnw'. Therefore (nx-y'+

ß8n) • Ay = {0} for y = 0, a, - a which proves (14).   □

Corollary 1. Let A be split of type A,, M a Malcev module over A, H a

splitting Cartan subalgebra ofA,H*= <A>, and M smooth for H. For any root

ßofHwithß^0andAß^ {0} letM2ß = {0}.
Then

M = NM®.J(M,A,A).

J(M, A, A) is completely reducible over A.

Proof. Let M ^ NM. Take a basis {xa, x_a, A} for A with a G k \ {0},

xax_a = h and xßh = ßxß for ß G {a, — a). By smoothness, M is split over

H. Since / alternates and (7)-(9) then M = NM + (Ma © Af _„). Let m G Af^

with mxß ¥= 0. By M2ß - {0} from (11) and (12)

(mxß • x_ß)xß = —2ßSmxß

with xßx_ß = 8h =£ 0. Hence (jnxßy © (mxß • x.^) is an irreducible non-Lie

submodule of type M2[l]. Thus P:= Afa • x„ © Af _a • x_a is a sum of

submodules of type M2. From (11) we have Af = P + NM. Since

J(mxß, xß, x_ß) ■ 3ß8mxß this sum is direct. Therefore Af = NM ®

J(M, A, A). The complete reducibility of/(Af, A, A) is trivial.   □

Lemma 3. Let A be of type C^, H a splitting Cartan subalgebra, and M an

A-Malcev module.

Then M is smooth over H.

Proof. Since NM-A = {0} the assertion is trivial for Af = NM. Let Af i=

NM, E the semidirect sum of A and Af, and H = <«>. We consider the root

spaces over H. By Lemma 1, Afr ̂  {0} implies Ay =£ {0}. Now E0= H ffi

Af0. Since J(H, Af0, E) - {0}, from [5, Lemma 5.12] then HM0 c NM.

Thus HM0 • A - {0}. By this and (8) it follows that M<yAy c ,(Afy).
Observing Aß = A_ßA_ß for ß ¥* 0 and (3) one gets \(Mß)Aß C ^Af.^).
Hence the sum of /f-eigen spaces of Af is a submodule.

Let n G Af0, x G yl^, x' GA_ß,ß^ 0, and xx' = A. With (14) and obser-

ving nh = nx- x' — nx' • x together with nx' • x G ^Mq) then

/tox • x' = —(«x • x')x • x' = — (nx' - x)x' • x = ßnx' • x.

Thus nh = 0, therefore Af0 = ](Af0). Consider now m G Af^. We show m

G i(Mß). Assume that mh ¥= ßm, and set ih:= mh — ßm. By (8) we then have

mx' = mh- x' - ßmx' = mx' - h = 0,   hence   m- A_ß = (0).   Without
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restriction let m G x(Mß), and h, x„, x'„ with v G Z3 constitute a basis Tß. For

/i^eZj with ji 7^ v set x:= x,,, x':= x¿, y'-= x„. From (11) together with

m-A_ß = {0}, and (3), (12) one derives 2 ßmy = -(mx-x^y - ¿ßmv. Thus

<w> is irreducible over .¿4, implying ß = 0 in contradiction to ¿ß ̂  0. There-

fore Jty = ,(Af^).   □

Lemma 4. Le/ ,4 be split of type G„ /f ana" Af ay i« Lemma 3,H = <A>, a«i/

/Ae root spaces taken over H.

Ifß ¥*0,mE Mß, and Tß = {x„, x'„, h\v G Z3} then

2 mx', - x„ = -ßm  forvE Z3. (15)

Proof. Set x:= x„y'= x2, z'= x3, x':= x'„ and similarly for v', z'. We get

mx' • x = - \ (yz • m)x   and by (3)

= \ {(zm • x)y + (mx -y)z + (xy - z)m — xz -ym)

= my' -y — mz' • z + ßm + my -y'   with (12),

= —my' -y — mz' -z — ßm   by (11).

Hence mx' - x + my' -y + mz' • z = - ßm which is (15).   □

For a ¿-vector space and an extension field K of k we define XK :=

X ®k K. We get

Theorem 1. Let A be a Malcev algebra of type G1 and M a Malcev module

over A.

Then M is completely reducible over A.

Proof. For Af = NM the theorem is trivial. Suppose Af ̂  NM.

(1) Let A be of type C¿, and H a splitting Cartan subalgebra, Af = Afa ©

Af0 © Af _a the root space decomposition of Af over H with a¥=0 according

to Lemma 1. If Af = Af0 then Af = NM by Lemma 3. Thus let Afa ¥= {0}, and
m G Af„, m =£ 0. From (15) there exists z' G A_a with «:= mz' J= 0. We

show that n generates a regular submodule by an argument similar to that in

[1]. Take the ¿-linear map/: A-* M defined by

/(A):= n,      f(x):= ß_1 xn   UxEAß

when ß ¥=0. We claim that / is a module homomorphism over A. For

x, v EAß, ß=£ 0, we obviously have x/(A) = f(xh), hf(x) ■ /(Ax), and by
(13), x/(v) = /(xy). It remains to show for y' E A_ß that y'f(x) = f(y'x),

equivalently

nx-y'=-ßSn (16)

where xy' = 8h, 8 E k. We may restrict ourselves to a basis Tß of A

corresponding to H with x„ G Aß. Let xMx¿ = ÔA, and x,X = tjA with 5,

Tj G k, where X, ¡i, v E Z3. Then by (11) and (12)
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(mx'x • XjX m - \ (mxp - x'x)x'p - ß-qmx'p

" ~ 2 m(x» ' *\K) - ßv^x, = -ß8mx'x.

We derive the last equality from the multiplication relations for Tß. Hence we

have (16). Since/(A) = n =£ 0,/is an ^-module monomorphism of A in Af.

Thus P'-= Ma • xi © Afa © Af _a obviously is a direct sum of regular

submodules by (15). For n' G Af0 from (14) then/? := m'x, • x', + ßri E NM.

Hence Af0 = A^ + P0. By NMA = {0} and (16) the sum is direct, and we

have Af = NM ®. P. NM and P are completely reducible over A, hence Af

too.

(2) Suppose that A is not split. By [4] A has a Cartan subalgebra H with

H - <A>. Now A = H®A„ over H with mh = Y2 - c(h) and c(A) Ek\k2.

Then Af = Af0 © Af„ by Lemma 1. Let K denote a splitting field of irh.

Set P'-= /(Af, A, A). Then Af = NM ffi. P by the corresponding decompo-

sition for Aftf. For P0 we choose a basis {n,|l < i < s,s E N}. Let P(i)'-= k •

«, ffi A- n¡. Then P (í)K = K-n¡®AK- n¡. P (î)K is regular over AK by (1). If/

denotes the ^-module monomorphism of AK in Af^ with/(A) = n¡ fhenf(A)

is regular over A. Further

f(A) = f(k -h)®f(A-h) = k -/(A) © A -/(A) = P(i).

P(i) is irreducible, and P = ©. P(f) for 1 < / < i. Hence Af is completely

reducible over A.

The theorem is proved.   □

The following propositions are well known if char(¿) = 0 for the semi-

simple case [2], [4]. They extend the classical structure theory to positive

characteristics for the exceptional case.

Proposition 2. Let A = ©. A¡ with 1 < i < r, r G N, where each A¡ is of

type G,. Let M be a Malcev module over A.

Then M is completely reducible over A.

Moreover Af = NM®. (©. Pj) with 1 < / < s, s G Nq, NmA = {0}, where

for any index j there is an index i so that Pj is regular over A¡, and PjA¡ = {0}

ifli- i for I < l< r.

Proof. If r = 1 the first part of the statement is Theorem 1, and the second

is a corollary of the proof of Theorem 1. We proceed by induction on the

number of simple direct factors of A, and assume that the statement is valid

forr GN. Let now ̂ 4 - (&.A¡ with I < i < r+ l.Sety4'= ©.^,-,2 < i <

r + 1. We choose a Cartan subalgebra H oí A. Then H = Hl®.H2, Hx a

Cartan subalgebra of A, and H2 a Cartan subalgebra of A'.

If JV(1) designates the nucleus of Af over Ax then

Af = N(l)®J(M,Al,A1)
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is a sum of completely reducible A,-submodules of Af. J(M,AX,AX)

decomposes into a direct sum of regular A ,-submodules. We show that N(\)

and J(M,AX,AX) are submodules over A. For this we may assume that H is

splitting overol. The root spaces of A for H unequal to H are just those of Ax

for Hx and of A' for H2 unequal to Hx and H2. The corresponding

characteristic roots y are obvious. When y(Hx) <£ {0} then y^-^ = {0} thus

Ay cAx, and vice versa. Applying (4) and Lemma 3 together with (8)-<10) we
get

J(M, AX,AX)A' c /(Af, Ax, A') = {0}.

For example if ß(Hx) * {0} then ß(H^ - {0} hence J(Mß, Aß, HJ = {0}

by smoothness of A and Af over H2. If A, is the set of the characteristic roots

of //, in Ax, let (Ax)1 := © (AX)S(HX) with 5 G A, \ {0}. From (8) for Hx

oneh&sN(\)A'- (Ax)1 = {0}. Noting Lemma 3 then N(\)A'- Ax = {0}. Thus
N(\)A' c N(\).

Hence the above yields a direct sum of A -modules. By the induction

hypothesis N(\) decomposes as asserted over A'. The proposition is evident.

D
The radical Roí A is by definition the unique maximal solvable ideal. A is

called semisimple if R = {0}. Separability is defined as usual. In case of

char(¿) = 0 any semisimple Malcev algebra is separable by the

nondegeneracy of the Killing form. A is called G¡-separable if there is a base

field extension K of k so that the base field extension AK decomposes into a

direct sum of algebras of type C^.

Since the hypothesis of characteristic 0 in the proof of [2, Theorem 2] is

only used to establish that Af is reducible that proof actually gives the

following slightly stronger result

Proposition 3. Let A be a Malcev algebra and M a Malcev module over A.

If A is Gx-separable, then any derivation of A in M is inner.   □

Corollary 2. Let A be a Malcev algebra, and C a Gx-separable subalgebra.

Then any derivation of C in A can be extended to an inner derivation of A.   □

For an ideal I of A let DC°(/):= / and T (/):= 9C~ '(/)•/ + (%r~ '(/) • /)

-A if r E N. / is called %-nilpotent if 0C(/) = {0} for some r G N [2]. The
index n% of 5C-nilpotency is the minimal %EN with 9CX(/) = {0}. Nilpo-

tency and 9C-nilpotency of / are equivalent. The nilradical N of A is by

definition the maximal nilpo'.ent ideal, hence N c R. We recall, if B is a

subalgebra of A, and A = B © R then this decomposition is called a

Wedderburn or Levi decomposition, and B a Wedderburn or Levi factor of A.

Similarly as in [2, Theorem 3] we get as a further consequence of Theorem
1
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Proposition 4. Let A be a Malcev algebra with radical R. n% denotes the

index of %-nilpotency of the nilradical of A. Suppose that char(¿) > 2n% — 1.

Let B be a Levi factor, and C a Gx-separable subalgebra of A.

Then there is an inner automorphism a of A with

CacB.   a

Corollary 3. Let A be as in Proposition 4, and A/R Gx-separable. Then

any two Levi factors are conjugate by an inner automorphism of A.   □

4. The Wedderburn splitting. Let S be an ideal of A, and S2 = {0}. Let <p:

A -* A/S with x h» x:= x + S denote the canonical map. If H is a nilpotent

subalgebra of A and y a linear root of H we define y : H * -> k by y (A):= y(A)

if A G H. Then obviously

(Ay(H))*=(A*)y(H*)   and   (Ay(H))9= Ay(H)/Sy(H).     (17)

S is a Malcev module over A * in the canonical way. If C c A * denote

C*~':= <p-'(C).LetAfy(A):= A/y«A».

Lemma 5. Let S be an ideal of A with S2 = {0}, and L an abelian subalgebra

of A/S. Furthermore, let S be smooth over L. Then A contains a subalgebra H

with H* = L and H3 = {0}.

Proof. If dim(L) = 0 the assertion is trivial. We use induction on the

dimension of L and assume the statement of the lemma for some n E N0.

Suppose dim(L) = n + 1 and c E L, c^O. By the hypothesis of the

induction there exists a subalgebra T of A with T3 = {0}, T9 c L, dim(7"iP)

= n, and c g 7T Then T c A0(T), and L c A0(Tf by (17).

We choose A G A0(T) with A= c. Further S - ©5y(A) for y G A denotes

the root space decomposition over A. Let A, G 7" for i = 1,..., n, the A,-

linearly independent. Then A,A = 2 Vy with y G A and V? G S^A) n A0(T).

Set A,* :- A,. - 2 ^ " ' fy for /? G A \ {0}. Note A,* G ̂ (T1) n ^0(Ä)- Let //
be the subalgebra of A generated by A and the hf for / ■» 1,..., n. Hence

// C ^(F) n ^0(A), and H2 c S0(L). Thus H3 = {0}.   □

We prove

Theorem 5. Let A be a Malcev algebra over k, R the radical of A, and

char(¿) = 0, or char(¿) > 3.7/char(¿) > 3 let A/R be Gx-separable.

Then A decomposes

A = B®R

where B is a semisimple subalgebra of A with B = A /R.

Proof. If A/R = {0} or R = {0} then the theorem is trivial. Assume that

A/R^k {0} and R ^ {0}. By standard reduction we may assume R2 = {0},

and R an irreducible A -Malcev module. Further we may suppose that k is
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algebraically closed. So A/R= ©. C¡ with 1 < i < n, n G N, any C¡ a

simple split subalgebra. In the course of proof we will distinguish different

cases. Letyi:= A/R, x:= x + R, andtp: x (-» x.

(1) Let char(¿) = 0, A a Lie algebra, and R a Lie module over A. Then A is

a Lie algebra: If J(A,A,A) = {0} there is nothing to show. Otherwise

J(A, A, A) = R. By Lemma 5 there is obviously a Cartan subalgebra H of A

so that H9 is a Cartan subalgebra of A, and H3 = {0}. Decompose A into

//-root spaces. Since H = A0, then J(A0, A0, A¿) = (0). From dim((Aß)9) <

1 for ß ¥= 0 and R Lie we then have J(A, A, A) = {0}. Hence A is a Lie

algebra for which the theorem is known.

(2) It remains to treat the case that R is not a Lie module over A, or A is

not a Lie algebra, or char(¿) > 3 with A Gj-separable. We proceed by

induction on the number n of the simple ideals of A.

Let « = 1. Suppose that A is a Lie algebra of type A,. Let A G A so that

<A> is a Cartan subalgebra of A. Decompose A and R over A. Let us consider

three cases for R. If R is the one-dimensional zero module then R = <r0> and

A = Aa®A0®A_a, a=£0, with R c A0. We choose A' G 4,/l_0 with

A' =A. Then obviously ̂ 4„ ffi <A'> ffi A_a is a Levi factor of-<4.

If /? is non-Lie then R is necessarily of type M2 over A, and R = Ra ffi

J?_a with .fy = <ryS> where Ä^ c Aß for /? G {a, — a}. Let x^ G Aß with

Xj3 i^ 0. Then J(xa, x_a, A) = 0. Any Lie triple of elements generates a Lie

subalgebra. Hence <A, xa, x_a> is a Levi factor of A.

Assume third that R is regular over A. Hence A — Aa® A0® A_a with

A0 = <A, /•<,>, Aß = <x/8, fy) with ß E [a, — a), and rß'= ß~lxßr$. Note that

a canonic .d-module isomorphism is induced by A \-*r0, and xß \^rß.

Suppose that {xa, x_a, A} is a standard basis for A. After eventual sub-

stitutions A - y/o/a, or x_„ - 6V_a with y, 8 E k, for A or x_„ if necessary

then <xa, x_a, A> is a Levi factor of A.

Now let A be of type C^ and R regular over A. Take a basis 7„ of A,

Ta = {.y,,,.^, u\v E Z3} and set C := <«, v„ v',>. C is a subalgebra of type

A,. R has a C-decomposition

2? = 2?IA ©. NXR ©. N2R,

with 5IÄ regular and NXR, N2R of type M2 over C [1]. In view of the rrnnimal

solvable ideals of C9 , and its completely reducible radical, C9~ contains a

Levi factor Bx. Let x, x', h E Bx with x= yx, x' = y\, A= «, and Zf:= <A>.

We decompose A over i/ into root spaces, A = Aa © A0 ffi y4 _„.

We claim .4y = x(Ay). For p G {2, 3} choose x, G ^a, x',EA_a with

ii- =JV>*» =X-Let,'o e R0, r0 ¥^ 0.IÎß =£ 0 andz EAß set r2 := iß"'zr0.

Since a Lie triple x„, x'v, A generates a Lie subalgebra, x„A = <xx, + 8„rx,

with 5„ G ¿. We show 5, = 0. For
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axrx • x' = XX, • x'A

= (x'x„ • A)x + (x„A • x)x' + (Ax • x')x, + (xx' • x„)A   by (3)

= axvx - x' + 8„ (r^ • x)x' + ax„h — axvh — 8vr^h

= ax„x • x' — 305,1"^,

hence 5, = 0.

Therefore Aa = x(Aa), and equally for — a. Thus A is smooth for H.

By Corollary 1, A is completely reducible over Bx. Hence

A = BXR®.BX®.NXR®.N2R®.NX®.N2

with Nx, N2 of type M2 over Bx. We may assume x2, x3 G Nx and x3, x2 G N2.

If x2x2 = A + r¡r0 with tj G k\ {0}, replace x2 by x2'-= x2 — wXl- Hence we

may suppose x2x2 = A.

We assert that B:— Bx® Nx® N2 is an algebra of type C^. We let,y:= x2,

v':= x2, z'= x3, z"-= x3. Then

yz' = (2a)-1 yh ■ xy = (2a)_,{(xA -y)y + (yx ■ h)y)   by (3)

= xy • y = —2y-z'.

Thus^z' = 0. Similarly zy' — 0. Further

zz' = (2a)" Vy' • xy,   and with (3)

= !{xx' + v/} = A.

From this with (3)

yz = a~2z'x' • x'y' = 2x'

and similarly y'z' = ax. Therefore B2 c B. Hence B is a Levi factor of A.

If R is the one-dimensional zero module, take Bx as before. Similarly A has

a 5j-module decomposition

A = BX®.R ®.NX@.N2.

By a similar argument one derives that B:= Bx® Nx® N2 is a Levi factor.

Thus the theorem is shown if A is of type A, or of type C^ when char(¿) i=- 2,

3. Let char(¿) = 0. Then by [1, Satz 11] we know if A is a simple Lie algebra

not of type A! then R is a Lie module over A, and the decomposition exists by

(1). Hence we have shown the theorem for n = 1.

We assume as induction hypothesis that the theorem is valid if A has

exactly n simple direct factors, « G N. Let A = ©. C¡, 1 < i < n + 1. By (1)

and [1, Satz 11] the remaining part of the proof is obviously reduced to the

case that Cx is either of type C^, or C, is of type A, with R non-Lie over C,.

In the latter case by the classification R is a module of type M2 over Cx. Set

G := © . C, with 2 < i < n + 1. In view of [2, Theorem 1] or of Proposition

2 respectively, we have either RCX = R and RG = {0}, or RCX = {0}.
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Let Bx be a Levi factor of Cx9', existing by the preceding argument. Hx

denotes a Cartan subalgebra of Bx. Now RBX = R, or RBX = {0}. In the first

case let i0:= (G9'\(HX). Hence (Â0)9 = G by (17). By the induction

hypothesis Â0 contains a Levi factor B2. Take a Cartan subalgebra //2 of B2,

and set i/:= i/, ©. H2. Then 7f2 = {0} by smoothness. We decompose A

into /f-root spaces ,4 = © Ay with y G A, A the set of characteristic roots of
H in A.

If A, is the set of the characteristic roots of H¡ in B¡ for / G {1, 2} and

y G A,-, let y*: H->k be the trivial linear extension with y*(A):= y(A) if

A G H¡, and y*(A) = 0 for A G Hj if/ G {1, 2} and/ ^ /. Set Af:= {y*|y G
A,}. Then A = Af U Af. Hence B2cH2® (®Aß), ß G A¿* \ {0}. Observing
(17), 5, c (Hx © (©y4a)) + £ with a E Af \ {0}. Because of /?52 = {0} and
the composition of the root spaces with (5), BXB2 = {0}. Thus B'= Bx ©. B2

is a Levi factor of A.

Finally suppose RBX = {0}. Decompose A as a 5,-module, A = Bx®. R

©. F with F* = G. Since 5,Kci?n F then Bx V = {0}. Further V ®R
= G*1 is a subalgebra. It contains a Levi factor B2 by the hypothesis of the

induction. Thus B'= Bx ©. B2 is a Levi factor of ̂ 4.

This proves the theorem.   □
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